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ABSTRACT 

The main result of the present paper is the construction of a Banach space 
with finite dimensional decomposition in which no large subspace has a basis. 
This answers a question raised by P. Casazza. The paper also contains various 
results on subspaces of direct sums of spaces and an investigation of spaces 
closely related to spaces constructed by the first named author. 

Introduction 

In [ 11 ], Pefczyfiski proved that if X is a separable Banach space with the 

bounded approximation property, then there is a Banach space E so that 

X ~ E  has a basis. This result was actually discovered independently by 

Johnson, Rosenthal and Zippin [4]. Casazza [3] proved recently that if X is a 

separable Banach space with the commuting bounded approximation pro- 

perty, then there is a subspace F of  X so that both F and X ~ F have finite 

dimensional decompositions. His construction has the advantage that many of 

the properties of X are inherited by the subspace X ~ F o f X  ~) X. He then asks 

if the space E in Petczyfiski's result can be chosen to be a subspace of  X. Here 

we answer this question in the negative. We shall construct a superreflexive 

Banach space X with a finite dimensional decomposition so that if F is a 

subspace of X ~ X  containing X ~){0}, then F does not have a basis. This is 

equivalent to saying that for no subspace E of X does X ~ E have a basis. 

t The first-named author's stay at Odense University for the academic year 1988/89 was 
financed by Odense University and the Danish Natural Science Council, grant No. 11-7639. 
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The construction of  the space X is essentially the same as in Szarek [13], 
[14]; however the technique of  the proofs is based on the methods developed 
in [8] and [9]. The credit for the first use of  such methods to construct 
pathological infinite dimensional Banach spaces should be given to J. Bourgain 
[2]. 

We now wish to discuss the arrangement and the contents of  this paper in 
greater detail. 

In Section 1 we prove several results on subspaces of  spaces of  the form 
X~)12, X being a Banach space. These results, which are mostly infinite 
dimensional in nature, are essential for the construction of the space X. 
However, they are quite general and may have applications elsewhere. 

Section 2 contains the major local results needed for our construction. We 
modify one of the key results of  [9] for our purposes and extend it to a class of  
norms on R n larger than those considered in [9]. These results are the building 
stones of  our construction. 

Section 3 contains the main results of  the paper and the actual construction 
of a space having the properties ment ioned in the title of the paper (Theorem 
3.1). The section contains two other results, Theorems 3.3 and 3.4, which 
combined give the conclusion of Theorem 3.1. 

The Sections 4 and 5 are devoted to the proof  of Theorem 3.3 and Theorem 
3.4, respectively. 

O. Notation and terminology 

In this paper we shall use the notation and terminology commonly used in 
Banach space theory, as it appears in [6] and [7]. If  (gn) is a sequence of  
independent  Gaussian variables on a probability space (f~, re, / t) ,  each with 
distribution N(0, 1) and X is a Banach space, we say that X is of type 
p,  1 _-< p _-__ 2, respectively cotype q, 2 < q < 0% if there is a constant k > 1 
so that 

(1) 

respectively, 

(2) 

( f  j~ gj(t)xj 2dlt(t))~/2<k(i~ ]lxj I] p)~/p, 

( f  j~ $(t)xy 2d#(t))l/2~k-I(j~ l ]]Xj []q)vq 

holds for all finite sets {xl, x2 . . . .  , xn } _c X. The smallest constant which can 
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be used in (1) is called the type p constant of  X and denoted by Tp(X) while the 

smallest constant which can be used in (2) is called the cotype q constant of  X 

and denoted by Cq(X). 
I fXis  an n-dimensional Banach space, we shall identify Xwith R ~, equipped 

with a suitable norm and write X = (R n, II • Ilx). For 1 < p < ~ we let [[ • lip 
denote the norm of  lp. 

If  n ~ N ,  L(R n) is the space of  all linear operators from R n to R ~. If  II • IIx 
and I1" Ily are two norms on R ~, X = ( R  ~, I1" IIx), Y=(R ~, II" Ily) and 
T E L ( R  ~) the expression II T: X- - -Y  II denotes the operator norm of T 

considered as an operator from X to Y, II T IIx = II T :  g - - - g  II. Similarly 

72(T: X ~ Y) denotes the 12-factorization norm of  T considered as an operator 

from X ~ Y, i.e. 

72(T:X---" Y)=inf{ IIA II II B II IA:X--'12, B:I~--" Y, BA = T } .  

We put ~'2(T, X) = 72(T: X---,X) and when it is clear from the context what 

X and Y are, we shall just write 72(T). 

d(E, F) denotes the Banach-Mazur distance between the Banach spaces E 

and F,  and if dim E = n we put d(E) = d(E, l~). 
If  (x~) is a basis for a Banach space X, then there is a constant M so that 

• t ix j < M  ~ tjx~ forall(tj)CRandalln, m~N,  n < m .  
j 1 j 1 

The smallest constant which can be used in this inequality is called the basis 

constant of  (xn). 
If X is a Banach space with a basis, we put 

b(X) = inf{K IX has a basis with constant K} 

and put b(X) = oc if X has no basis. 

Let us end this section with the following definition: 

0.1. DEFINITION. Let n U N  and 2 ~ 1. A Banach space Xis  called (2, n)- 

Euclidean if for every n-dimensional subspace E _ X, we have d(E) <= 2. 

1. Subspaces of X ~/2 for certain Banach spaces X and other general results 

In this section we prove some general results, especially on subspaces of  

X ~)/2, Xbeing a Banach space. These results are crucial for the construction of  

our example, but they probably have applications elsewhere too. 
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The following lemma, which is a generalization of Maurey's extension 

property [ 10], easily follows from [ 1 ] and [ 15]. 

1.1. ].,EMMA. Let X be a Banach space o f  type p, 1 <= p <= 2 and cotype q, 

2 <= q < oo. I f E  c_ X is an n-dimensional subspace, then there is a projection P 

o f  X onto E with 
~'2(P) -<- 2 Tp( X)Cq( X)n l~p - ~/q. 

PROOF. Let J: E ~ E be the identity operator. By Benyamini and Gordon 
[1], Theorem 5.2 or Tomczak-Jaegermann [15], Theorem 25.10, J has an 
extension P :  X --* E with 

)'2(P) < 2 Tp(X)Cq(E)n l/p- l/q < 2 Tv(X)Cq(X)n 1/v-1/q 

P is clearly the desired projection. • 

Using this lemma, we obtain 

1.2. PROPOSITION. Let X be a reflexive Banach space o f  type p, 1 < p < 2 

and cotype q > 2. I f  F C_ X is a subspace o f  codimension n, then there is a 

projection P o f  X onto F with 

IIe  II =< 2Tp(S)Cq(X)k(X) nl/p-l/q + 1 

where k(X) is the K-convexity constant o f  X. 

PROOF. It follows from [12] that Xis  K-convex and hence X* is of type q'  
with Tq,(X) < k(X)Cq(X), q- i  + q,-1 = 1, and of  cotype p' ,  p - i  + p , -1  = 1. 
By Lemma 1.1 there is a projection Q of X* onto F ~ with 

(1) II a II --< 72(Q) < 2Tp(X)Cq(X)n u~-~/q 

If  (o denotes the quotient map of X onto X/F,  Q*¢ is a projection of X onto 
Q*~(X). Since dim Q*~(X)= n and Q*~ is zero on F,  it follows that 
(Q*~o) -1(0) = F.  

The desired projection is P --- I - Q*~. • 

1.3. PROPOSn'ION. Let n E N  and let [l" II be a norm on R" so that 

II x II -5_ II x 112 for all x E R". Put X -- (R", II • II ). 
I f  Y C_ X ~2 If is a subspace with dim Y = m < n, then there is an operator 

T: Y ~ X so that 

1 
(i) x/~ tl Tx II < II x U Y---< II Tx 112 for all x ~ Y. 
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PROOF. Let P be the restriction to Y of  the natural  projection o f  X ~ lg 

onto X. Since m < n it follows f rom the spectral theorem for compact  

operators, see e.g. [5], that there is an or thonormal  basis {e~ [ 1 < i < m } for 

(Y, II" ll2), an or thonormal  sequence { f l  1 < i  < m} _c (X, II" 112) and 0 < 
2i < 1 for i = 1, 2 . . . .  , m so that  

m 

(1) P x =  ~ 2~(x,e~)f f o r a l l x E Y .  
i - - I  

We define T:  Y ~ X by Tei= f for all 1 < i < m.  It follows immediate ly  that  

for all x E Y we have 

(2) II x II, ~ II x 112 = II Tx 112 

which gives the fight inequality o f  (i). 

To prove the left inequality, we note that  if  x ~ Y, then 

m 

(3) x = Px + (x - Px) = Px + Y. (x, e,)[e, - 2 , f ] .  
i - - I  

By observing that ( e i - 2 i f )  is an orthogonal sequence in If with 

II e~ - 2~f 112 -- (1 - 2~) ''2 we get f rom (3) that, for all x ~ Y, 

m 

(4) IIx I1~ = Ilex 112+ 2 I(x,e,)lZ( 1 - 2 2 )  • 
i - - I  

Further,  for all x ~ Y: 

II Tx II --- II ex II + (1 -- 2,)(x, e , ) f  
i - I  

(5) 

( i) 1'2 ~ / ~  I l e x l l ~ +  ~ (1-2i)(x,e,)f 

<= uex 112+ ( l - 2 , ) 2 1 ( x , e ~ ) l  2 
i - - 1  

x/~ II x 11,. 

The last inequality follows f rom (4) by observing that  for 0 ~ 2 ~ 1 we have 
(1 - 2 )  2 ~ 1 - 2 2. • 
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We also need: 

1.4. PROPOSITION. Let X be an n-dimensional Banach space and E c_ X ~)212 
a subspace. Then there is a subspace F c_ X ~2 l~ so that dim F < n and a 
Hilbert space H so that E is 2-isomorphic to F (~2 H. 

PROOF. Let P : X ~)2 12 --* 12 be the natural projection and put H = E tq 12. 
Clearly P(E) D_ H and the codimension of H in P(E) is at most  n. Let Q be the 
orthogonal projection of  P(E) onto H and put Q~ = QPIE, F ffi Q I  1(0). Q~ is 
clearly a projection of E onto H and since P(F)c_ Q-l(O), d i m P ( F ) <  n. 
Hence F i s  isometric to a subspace of X (])2 lg. Since E = F ~ H,  the conclusion 
follows. • 

Our final result of  this section is a combination of Propositions 1.3 
and 1.4: 

1.5. COROLLARY. Let n E N  and let II • II be a norm on R ~ with I] x II <- 

II x 112 for all x ~ R ~, and put X = (R ~ , II • II )- 
I f  E C_ X ~)212 is an infinite dimensional subspace then there is an n- 

dimensional subspace E~ o f  X (~212 and an operator S o f  En onto X so that 
(i) E is 2-isomorphic to E~ (])212, 

(ii) ½1lSx [I < [Ix lIE. < [I Sx  l l 2 f o r a l l x E E , .  

PROOF. Since E is infinite dimensional, it follows from Proposition 1.4 
that there is a subspace F _ c x ~ 2 I ~ ,  d i m F = m  < n ,  so that E is 2- 
isomorphic to F(~212. By Proposition 1.3 there is an operator T : F - ~ X  
so that 

1 
(1) ~ II Tx II ~ IIx I1~---- II Tx 112 f o r a l l x E F .  

x /z  

Let Y be the orthogonal complement  to T(F) in (X, ]1 " 112) and let U: l~-m 
(Y, II" 119 be a unitary operator. Define En =F(~21~ -m. Clearly E is 2- 
isomorphic to E~ (~2/2 and if we define S:  E~ ~ Xby  S = T (~ U, we get that if 
x E E l ,  x = y  + z, y E F ,  z El~ -m, then by (1), 

(2) 
II sx  II ~ II Ty II + II uz 112 ~ x/~ II y II~ + II z 112 

x /~ (  2 N y II~ + 2 II z 112) m ffi 2 II x lien. 

It is obvious that S satisfies the other inequality in (ii). • 
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2. Some local results 

In this section we present the local results which are essential for our 
construction. We start with the following theorem which is the key to 
what follows in the sequel, and which is a slight modification of Proposition 
3.2 in [9]. 

2.1. THEOREM. There exists a constant C > 1 so that for every q E ]2, oo] 
and every n E N, n > 2 there is a norm I1" Iln.q on l " ,  so that i f  X~ = 

(R",  II • II.,q) then the following conditions are satisfied: 

(i) II x I1.,~ =< II x 112 for all x E R". 
(ii) X~ is isometric to a subspace o f  l 2". 

(iii) For every T E L ( R " )  there is a 2 r E R ,  a VrEL(R")  and a subspace 
Er _C R", dim Er  > 31n/32 so that for all q E]2, ~ ]  
(a) T = 2rI + Vr, 

(b) II v,E, 112 < Cn'/q-"2 II Z II,r., 
(c) I2T I ---- c II T II~- 

(iv) For every T E L ( R " )  there is a subspace Fr ___ R", d i m E r  > 31n/32 so 

that for all q E]2, oo]: 

II Tie 112 =< Cnl/q- '/272( T, Xq). 

(v) For every T E L (R") there is a subspace Gr with dim Gr > 31 n/32, so that 
for all q E]2, oo]: 

II Tic 112 < C II T: l~---'X# II. 

PROOF. The existence of the norms U • I1.,~ satisfying (i)-(iv) can be shown 
in exactly the same way as in [9], Proposition 3.2 (the replacement of 7n/8 by 
31 n/32 can be done by a suitable modification of Lemma 2.1 in [8]). As a by- 
product of the proofof(iii) we get that the norms II • II.,q also satisfy (v) (cf. the 
proof of Proposition 3.1 in [8]). • 

We now wish to define a class of spaces which have similar properties as the 
spaces Xq of Theorem 2.1. 

2.2. DEFINITION. Let qE]2,  oo], n E N .  If I1" II is a norm on R" and 

r -- ( a " ,  II • II ) then we shall say that Y E S N ( n ,  q) if ½ II x I1.,~ --< II x II --< 
II x 112 for all x E R". 

2.3. DEFINmON. Let n E N ,  qE]2 ,  ~ ]  and Y E S N ( n ,  q). Put 

A(n ,q ,  Y ) =  {2rER[  TEL(R") ,  II T : X g - ' Y I I  < 1} 
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PROOF. Let 
given. 

where, for each TEL(R"), 2r is a real number satisfying the conclusions of 
Theorem 2.1. 

By definition it follows that if YESN(n ,  q), then 

(A) II TIIx:=<-211T:Xg--'YII for all TEZ(R0 

and hence from Theorem 2.1 we infer that the set A(n, q, Y) is bounded. We 
put, for every n EN, qE]2, ~]  and YESN(n ,  q), 

2(n, q, Y) = sup A(n, q, Y). 

The next proposition and its corollary describe some crucial properties of 
the spaces in SN(n, q). 

2.4. PROPOSITION. Let C be the constant of  Theorem 2.1, let n EN,  n > 2 
and qE]2, ~]. I f Y E S N ( n ,  q) then we have 

(i) For every TEL(R") there is a vrER, a I?TEL(R"), and a subspace 
ff~r C_ R" with dim/~r > 7n/8 so that 

(a) T = VrI + l?r, 
(b) Ivrl --< 2C II T IIY2(n, q, Y)-' ,  
(c) II v~,,~ 112_- < 6 C  II Z IIyn1'q-1/22(n, q, Y)-h 

(ii) For every TEL(R") there is a subspace Fr c_ It" with dim Fr ->- 7n/8 so 
that 

II Tjp~ 112--< 6C2nl/q-1/2)~2(T, Y)X(n, q, y) - I  

(iii) For every TEL(R") there is a subspace dr C_ R" with dim d r  ~ 31n/32 
so that 

II TICT 112 =< 2 c  II T: l~'--- Y li- 

n E N ,  n > 2 ,  q E ] 2 , ~ ] ,  Y E S N ( n , q ) a n d  T E L ( R " ) b e  

(iii) Follows easily from (v) of Theorem 2.1 by observing that the de- 
finition of SN(n, q) implies that the subspace GT from there can be used 

a s  d T. 
To prove (i), set 20 = 2(n, q, Y). An easy compactness argument yields that 

there is a ToEL(R") with II To: X# --- Y II = 1 so that Theorem 2.1 is satisfied 
with 2to = 20. We now define 

(1) vr = ~,TTo'~,O 1. 

By (A) and Theorem 2.1 (iii)(c) we get 
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(2) 

Iv~l ~ 12TTol~OI ~ C20 -1 II TT0 II~ 

=< 2C2o-' II TTo "Xg ~ Y tl 

< 2C20-' II T II ~" II To : Xg ---- Y II < 2C20 -I II T II r 

which proves (i), (b). 
Since 

(3) T(20I + Vro) = TTo = 2rroI + Vrro 

we obtain from (1) and (3) 

T = vrI  + 20- l(Vrro - TVr) .  (4) 

We now define 

(5) 

(6) 

ITr = 20-'(Vrro- TVro), 

Er  = Erro r3 Ero N Gr. 

By (A) and Theorem 2.1 we get 

!! 17~.~ 112 --< 20-'( II v~ot~.oll2 + II T~, 112 II Vrol~-o 112) 

(7) 
~ 20-'n"#-"2(c II TTo II~ + 2C2 II T: Ig~ Y II II To II~,) 

< 20-tnl'~-ln( 2C II T IIY + 4 0  II T IIY) 

--< 6C220 -'n'/q-m/2 II r II, 

where we have used (A) and that II T: l~' ~ Y [[ < [[ T H r. 
Finally, it is immediate that dim/~r ->-- 7n/8. This concludes the proof of (i). 
To prove (ii), we first observe that 

(8) ?2(TT0, Xg) < 27dT, Y) for all T~L(R") .  

Define 

(9) /~T = Frr0 NEro N Gr- 

By isolating 20T from the first equality in (3), we infer that 

20 II Tit'T I1~ <= II TTo,.,~ o 112 + II T.OT 112 II Vro,.~o 112 

(I0) < CnV¢-I/2)J2(TTo, Xg) + 4C2n ~/q-tn II T II, 

< 6C2n i/q- u2?dT, y) 
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and that dim Fr > 7n/8. 
This proves (ii). • 

From Theorem 2.1 and Proposition 2.4 we get 

2.5. COROLLARY. I f n E N ,  n > 2 ,  q~]2 ,  oo] and Y E S N ( n , q ) ,  then we 
have: 

(i) For all T~L(Rn) ,  

Ivr - 11 _-< II T - I  115+ 6c2A( n, q, Y) -lnl/q-l/2 II T lit, 

l A r -  I I < II Z -  I 112 + C U T II~n ''~-1'2. 

(ii) For all 7"1, TAEL(Rn), rk(Tt - T2) < n/2: 

I v y , -  v~l _-< 6c2(  II T, lit + II T2 II~)A(n, q, Y ) - ' n  ''~-1'2, 

Iar, -A~21 =< c (  II T, I[~ + II T2 IIx:)n l/q-1/2. 

PROOF. By Proposition 2.4(i), we get for every x E/~r, II x 112 = 1: 

II Z - I 112 >= II Z x  - x 112 = II (v~ - 1)x + ~ x  115 
(1) 

IVT - -  11 - -  6C2 I I T  l i r a ( n ,  q, Y ) - l n V q - ' / 2  

which yields the first estimate in (i). 
The second one can be proved in exactly the same way by using Theorem 

2.1(ii). 
To prove (ii), we note that since rk(T~ - T2) _---< n/2, Z = (Tz - TA)-I (0)  N 

Er, A/~r~ ~ {0}. I f x ~ B z w e  have 

0 = II T l X  - -  T 2 x  II~ -- II ( v ~ , x  - v ~ x )  + ( f ' ~ , x  - ~ x ) 1 1 2  

(2) 
>= I v ~ , - v ~ , l  - II l?r,X 112- II l?~x 112. 

The first inequality in (ii) now follows from Proposition 2.4(c). The second one 
follows from Theorem 2. I in the same manner. • 

3. The main results 

In this section we shall construct the Banach space X with the properties 
mentioned in the introduction and state our main results. 

Inductively we define sequences (nk) C_ N and (qk) C_ ]2, oo] SO that 

(B) nl -- ql = 4, 
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(c) (2nk_ l) 1/2- llq k ~ 2, 

k - l  

(D) nk > Y~ ni 
i - I  

and n~/4- I/2qknk~_l 1 >_-- k, 

for all k _>- 2. 

The space X is now defined as 

(E) X ~  k " 
n 1 2 

Our main results on X are: 

3.1. THEOREM. Let Y C_ X ~) X be a subspace, so that X ~ { 0 }  c_ Y. Then 

Y does not have a basis. 

Since every Y with the properties of Theorem 3.1 is of  the form X ~)E for a 

suitable subspace E _ X, Theorem 3.1 can be reformulated to 

3.2. THEOREM. For no subspace E c_ X does X ~) E have a basis. 

Theorem 3.2, and hence 3.1, will follow from the following two theorems 

where the first one will be proved in Section 4 and the second one in Sec- 

tion 5. 

3.3. THEOREM. Let E C_ X be a subspace. For every k E N there is a Banach 

space Y ~ SN(nk, qk) and a (16, nk)-Euclidean Banach space Z so that X ~)2 E is 
n k 1152n~ l-isomorphic to Xq~ ~ 2  Y t~2 Z.  

3.4. THEOREM. T h e r e i s a t ~ > O s o t h a t i f n ~ N ,  n > 2 ,  qE]2,  ~] , /z  >_- l, 

Y ~ S N ( n ,  q) and Z is a (#, n)-Euclidean Banach space, then 

b = b(X~ ~2 r ~ 2  Z)  > (~/,1-112-112q. 

PROOF OF THEOREM 3.2. I f E  _ Xis a subspace then, by Theorems 3.3 and 

3.4, we have for every k E N: 

b ( X ~ : E )  > _ _  x,-i/2,1/4-1/2q, > k 
= 4608 O~k-1 "tk = 4608 

and  hence  b ( X  ~)2 E )  -~ 00. • 
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4. Proof of Theorem 3.3 

The essential step of the proof is formulated in the next proposition. 

4.1. PROPOSITION. Let E c_C_ X be a subspace and k E N .  There exist 
a I:ESN(nk, qk) and a (16, nk)-Euclidean Banach space 2] so that 
d(E E)212, 17~)2 2]) < 288x/~n~/_2 i. 

PROOF. Put 

i = l  2 i = k + l  2 

E l = E  f) Y1. 

We denote by P the restriction to E of the natural projection of X onto Yl; 

clearly El C_ P(E). 
By the choice of the ni's, dim Yo <- 2nk, and therefore the codimension of E~ 

in P(E) is not greater than 2nk. Hence, by Proposition 1.2 there is a projection 

Q of P(E) onto El so that 

(2) II a II =< 2"4(2nk) l:2-j/q~+' + 1 < 17 

(note that T2(YOC4(Y,) < 4 and k(X) = 1). 
Let Ql = QP and put E0 = Q~-I(0). Clearly Q1 is a projection of E onto El, 

and since P(Eo)C_Q-I(O), we get that dimP(Eo)<2nk. Hence, by [15], 
Corollary 25.11: 

(3) d(P(Eo)) < 2.4. (2nk) I/2- I/qk+l ~_ 16. 

Now (2) gives that 

(4) d(E, Eo f~2 El) < 18x/~. 

From the fact that 

El = Eo ~])212 --- P(Eo)~])2 X~; ~2 Xqk ~)2 12 
i l 2 

and dim(Y-k~-~ l ~' X~ )2 < 2nk-l, we get using (3) that there is a subspace F _  
X~ ~)2/2 so that 

1/2 (5) d(F. F) < max(x/~nk_l, 16) --_< 8n~5 1 • 

From Corollary 1.5 we infer that there is an nk-dimensional subspace 
F~, c X~: @2/2 and an operator S .  F~ k X~q~ satisfying (i) and (ii) there. Let 
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UI" Ill be the norm on R ~* having S(B,%) as its unit ball and put I7" = 

( II1" III ). 
It follows immediately that f '~SN(nk,  qk) and that 

(6) d(Ft, f" ~)212) < d(F~, F)d(F, f" ~)212) < 16n~, .  

Let us now define Z = El ~)212. By the choice of n k and qk ÷ ~ it follows that 
is ( 16, nk)- Euclidean (cf. again [ 15], Corollary 25.11). 

From (4) and (6) we obtain: 

1/2 (7) d(E~)212, }) (~)2 Z )  < 288x/~nk-1. • 

Though we do not really need the next corollary in the proof, it may be of 
some interest. 

4.2. COROLLARY. I f  E C X is an infinite dimensional subspace and k ~ N ,  
then there exists a YE E SN( nk, qk) and a ( 16, n k)-Euclidean Banach space ZE SO 
that d(E, YE ~)2 Ze) <--_ cn~/2_1 for some universal constant c. 

PROOF. By a standard gliding hump argument it follows that E contains a 
subspace Hwi th  d(H,/2) < 3/2. Since Xis of  type 2 with T2(X ) < 4/3 it follows 
from [10] that there is a projection P of E onto H with II P U =<- 4/3.3/2 = 2. 
Hence, by the decomposition method d(E ~212, E) < 27 and the conclusion 
follows from Proposition 4.1. • 

PROOF OF THEOREM 3.3. Let E _c Xbe  a subspace, let k E N  and let l?and 
be as in Proposition 4.1. 
Since (ZT-k+~ X~')2 contains a 1-complemented isometric copy of  12 it 

contains a subspace Y2 so that 

j -  1 2 

Let Y = I ~ and Z = Z ~ 2  Y2~)212. Clearly Y~SN(nk,  qk) and Z is (16, nk)- 
Euclidean. Since dim(2k£~ ~ X~q,') ~ 2nk_ ~ it easily follows from Proposition 4.1 
and (1) that 

(2) d(X~2 E, X~q~ ~)2 Y~)2 Z) < 1152n~, .  • 
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5. P r o o f  o f  T h e o r e m  3.4  

Let n E N ,  n > 2, 2 < q < 0% $t > 1, YGSN(n,  q) and Z a (/t, n )- Euclidean 

Banach space be given. We assume that X~ ~)2 YG2 Z has a basis (y , )  with 

basis constant  b. 

For  every m we let Pm denote  the mth  partial sum project ion for the basis 

(y , )  and we write P,, in the form o f  a matrix with operator  entries, that is 

(1) 

AN Xg 

IA , Z 

By Theorem 2.1 and Proposi t ion 2.4 we can write, for every m ~ N ,  

A~ = 2~, I + VAil, 

(2) A~ = 2A"~, I + VA~,, 

A~2 = VA~2I + VA~,. 

There are now two cases to consider: 
(I) C2bn 1/2q-1/4 > 1/64, 

(II) C2bn 1/2q- 1/4 < 1/64, 

where C is the constant  f rom Theorem 2.1. 

I f  (I) holds, then clearly 

1 1 
(3)  b > - -  • - -  n'/4-1/2q 

64 C 2 

which is the conclusion of  Theorem 3.4. 

Case II. Since P,,x ~ x  for all x~Xf f  ~2 Y~)2 Z, we get that  Am ---I  and 

A~2 --" I for m --- oo and therefore, by Corollary 2.5(i), we get 

(4) lim infl 2A~', I -->-- 1 -- bCn l/q- 1/2 _>_ 1 - ~ • > 64" 

We now wish to prove the following 

CLAIM. There is an mo so that 

(5) either t<-_ 12a,01--<I or t<= [vaT,0l =<1 

and 
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(6) 2A2~ol _-< 200bEC3b~/2q- 1/4/1. 

PROOF OF THE CLAIM. If  2(n, q, Y ) <  n ~/2q-1/4, then it follows from the 
definition of  2(n, q, Y) that (6) holds for all m > 0. By (4) there is a smallest 
number  m0 _-> 1 so that ]2A,~0[ >_- 41 and using Corollary 2.5(ii), we get 

m0-1 I~A,~°I < IAA,~°-'I + I 12A,~ ° -  [2A,, [ 
(7) 

< ~ + 2Cbn ~/q-u2 <= ~ + ~ <  ~. 

Now assume that ;t(n, q, Y) >_- n ~/2q-~/4. By Corollary 2.5(i) we get 

(8) liminflvA~l > 1 -- 6C2b2(n q, Y)-lnUq-1/2>= 1 - 6CZbnl/2q-l/4> 7 , ~ .  

(4) and (8) show that there is a smallest number  mo so that 

(9) i,~A,~ol + IVA~ol >1  

Again Corollary 2.5(ii) shows that 

1 
(1 0) I2A:ol + Iva: ° I <---- ½ + 2bCn l/q-1/2 + 1 2C2n 1/2q- 1/4 < ½ + -~  + ~ < ~. 

The choice of m0 and (10) shows that (5) is satisfied. 
In order to simplify the notation, we shall omit  the index mo in the rest of  the 

proof  of  Theorem 3.4. 
To prove that the chosen m0 will also satisfy (6), we first use p2 = p together 

with (1) to obtain 

(11) A21 ---- A21A11 + A22A21 + A23A31 

which, together with (2), gives: 

2A2,(1 - -  2,~.. - va~)I = VA,. + 2a,, VA. + 2a,. VA2, + Vail VA. 

(12) _jf_ ~A21~rA22_,F. VA.I2 VA21_~ - 17.A= VA,, + A23A3,. 

Note that the operators A23 and A3a represent a factorization of A23A31 
through the (/~, n )- Euclidean Banach space Z and therefore 

(13) ~2(A23A31, Xg) <= II A23 II II A31 II U --< b2#.  

If  we denote the operator on the left-hand side of (12) by L and the one on 
the right-hand side by R,  we get from (10) that for all x E R": 

( 1 4 )  II Lx  ll2 > ~IA~,I Ilx ll2 
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while Proposition 2.4 and Theorem 2.1 give that for all 

x~-EA,, n EA,, n VZ,I(EA,,) n EA22 n VLI(L~A.) n F.~,,A3, 

(which is not the zero space!), we have: 

(15) II Rx 112 =< 50C3b2# n1'2~-1/4 II x 112. 

Now (14) and (15) give (6) and hence conclude the proof of the claim. 
Using (5) in the claim, there are now two cases to consider; in the sequel we 

shall assume that 14 _-< [,;!,A,, I -<- 3, since the other case can be treated in exactly 
the same way. 

Again, using p2 _ p together with (1), we obtain 

(16) A11--AllAli + AI2A21 + AI~A31 

which, together with (2), implies 

(17) ( 2 a .  - ; t 2 . ) / =  (2AA,, - 1)VAu+AA2~AI2+AI2VA2,+AI3A31. 

Since Z is (p, n )- Euclidean, we get that 

(18) 72(A13A31) =< b2/~. 

Denoting the operator on the left-hand side of(17) by L~ and the one on the 
fight-hand side by R~, we get that for all x ~R" 

(19) II L~x 112 >= ~ II x 112 

while Theorem 2.1, Proposition 2.4, and (6) give that for all 

xEEA,, n VZ,,:(EA,,) n EA21 n V2,,'(G~2,) n Fa,3A~, 

(which is not equal to {0}!) 

(20) II RlX 112 ~ 420C4b2nl/q-u2kt l[ x IIz. 

Finally, (19) and (20) give 

1 1 
(21) b2 >- 2240 _ • ~ n " ~ - " ~ u - '  

which is the desired estimate. 
This finishes the proof of Theorem 3.4. • 
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