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ABSTRACT

The main result of the present paper is the construction of a Banach space
with finite dimensional decomposition in which no large subspace has a basis.
This answers a question raised by P. Casazza. The paper also contains various
results on subspaces of direct sums of spaces and an investigation of spaces
closely related to spaces constructed by the first named author.

Introduction

In [11], Pefczynski proved that if X is a separable Banach space with the
bounded approximation property, then there is a Banach space E so that
X@E has a basis. This result was actually discovered independently by
Johnson, Rosenthal and Zippin [4]. Casazza [3] proved recently that if X is a
separable Banach space with the commuting bounded approximation pro-
perty, then there is a subspace F of X so that both F and X @ F have finite
dimensional decompositions. His construction has the advantage that many of
the properties of X are inherited by the subspace X @ F of X @ X. He then asks
if the space E in Pefczynski’s result can be chosen to be a subspace of X. Here
we answer this question in the negative. We shall construct a superreflexive
Banach space X with a finite dimensional decomposition so that if F is a
subspace of X @ X containing X @ {0}, then F does not have a basis. This is
equivalent to saying that for no subspace E of X does X @D E have a basis.
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The construction of the space X is essentially the same as in Szarek [13],
[14]; however the technique of the proofs is based on the methods developed
in [8] and [9]. The credit for the first use of such methods to construct
pathological infinite dimensional Banach spaces should be given to J. Bourgain
[2].

We now wish to discuss the arrangement and the contents of this paper in
greater detail.

In Section 1 we prove several results on subspaces of spaces of the form
X @I, X being a Banach space. These results, which are mostly infinite
dimensional in nature, are essential for the construction of the space X.
However, they are quite general and may have applications elsewhere.

Section 2 contains the major local results needed for our construction. We
modify one of the key results of [9] for our purposes and extend it to a class of
norms on R” larger than those considered in [9]. These results are the building
stones of our construction,

Section 3 contains the main results of the paper and the actual construction
of a space having the properties mentioned in the title of the paper (Theorem
3.1). The section contains two other results, Theorems 3.3 and 3.4, which
combined give the conclusion of Theorem 3.1.

The Sections 4 and 5 are devoted to the proof of Theorem 3.3 and Theorem
3.4, respectively.

0. Notation and terminology

In this paper we shall use the notation and terminology commonly used in
Banach space theory, as it appears in [6] and [7]. If (g,) is a sequence of
independent Gaussian variables on a probability space (2, &, i), each with
distribution N(0, 1) and X is a Banach space, we say that X is of type
D, 1 = p =2, respectively cotype g, 2 < g = o0, if there is a constant k = 1
so that

o

respectively,

o

holds for all finite sets {x;, X, ..., x,} € X. The smallest constant which can
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be used in (1) is called the type p constant of X and denoted by T,(X) while the
smallest constant which can be used in (2) is called the cotype g constant of X
and denoted by C,(X).

If Xis an n-dimensional Banach space, we shall identify X with R”, equipped
with a suitable norm and write X =(R", || - ||y). For I= p=cc welet || - ||,
denote the norm of /,.

If n €N, L(R") is the space of all linear operators from R* to R*. If || - ||x

and || - ||y are two norms on R", X=R", || - |lx), Y=@R", | - |y) and
T€L(R") the expression [[7:X—Y | denotes the operator norm of T
considered as an operator from Xto Y, || Tjxy= || T: X~ X || . Similarly

y{T: X — Y) denotes the /,-factorization norm of T considered as an operator
from X—Y, ie.

yT:X—Y)=inf{|A| |B} |4:X~1, B:,~Y, B4 =T).

We put (T, X) = y,(T: X — X) and when it is clear from the context what
X and Y are, we shall just write y,(T).

d(E, F) denotes the Banach-Mazur distance between the Banach spaces E
and F, and if dim E = n we put d(E) =d(E, I}).

If (x,) is a basis for a Banach space X, then there is a constant M so that

n

2 4

j=1

=M

Y x| forall()CRandalln,mEN, n<m.
j=1

The smallest constant which can be used in this inequality is called the basis
constant of (x,).
If X is a Banach space with a basis, we put

b(X) =inf{K | X has a basis with constant K}

and put b(X) = oo if X has no basis.
Let us end this section with the following definition:

0.1. DeFINITION. Let nE€N and A = 1. A Banach space X is called (4, n)-
Euclidean if for every n-dimensional subspace E C X, we have d(E) < 4.

1. Subspaces of X @ /, for certain Banach spaces X and other general results

In this section we prove some general results, especially on subspaces of
X @ 1,, Xbeing a Banach space. These results are crucial for the construction of
our example, but they probably have applications elsewhere too.
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The following lemma, which is a generalization of Maurey’s extension
property [10}, easily follows from [1] and [15].

1.1. LEMMA. Let X be a Banach space of type p, 1 = p =2 and cotype q,
2 =g <. IfE C Xis an n-dimensional subspace, then there is a projection P
of X onto E with
7(P) 2 2T,(X)C (X)n'P—Va,

ProoF. LetJ: E — E be the identity operator. By Benyamini and Gordon
[1], Theorem 5.2 or Tomczak-Jaegermann [15], Theorem 25.10, J has an
extension P: X — E with

7P) £ 2T, (X)CEmVP 1 2 2T (X)C (X)n"? Ve,
P is clearly the desired projection. |
Using this lemma, we obtain

1.2. PROPOSITION. Let X be a reflexive Banach space of typep, 1 <p =2
and cotype q = 2. If F C X is a subspace of codimension n, then there is a
projection P of X onto F with

I P <2T,(X)C,(X)k(X)n"?~ Ve + 1
where k(X) is the K-convexity constant of X.

Proor. It follows from [12] that X is K-convex and hence X*is of type ¢’
with T, (X) S k(X)C,(X), ¢7'+¢'~'=1, and of cotype p’, p~ '+ p’' ! = 1.
By Lemma 1.1 there is a projection Q of X* onto F* with

(1 I Q1 =yAQ)=2T,(X)C,(X)nP—14,

If ¢ denotes the quotient map of X onto X/F, Q*p is a projection of X onto
QO*p(X). Since dim Q*¢(X)=n and Q*p is zero on F, it follows that

(Q*)~'(0)=F.
The desired projection is P =1 — Q*p. |
1.3. PROPOSITION. Let nEN and let || - | be a norm on R" so that

lx|| =[x |forallxER" Put X =R", | - ||)
IfY C X®, 5 is a subspace with dim Y = m = n, then there is an operator
T:Y— Xso that

1
@ 7 NTx)| = llxhy= | Tx |2 forallx€Y.
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PROOF. Let P be the restriction to Y of the natural projection of X B, [}
onto X. Since m =< n it follows from the spectral theorem for compact
operators, see e.g. [5], that there is an orthonormal basis {e; l 1=i=m}for
(Y, | « |l), an orthonormal sequence {f; |[tsi=m}c(X,|-|,) and 0=
A=lfori=1,2,...,mso that

€)) Px = )’5 Aix,e)f, forallx€Y.

i=1

We define 7: Y — X by Te; = f, forall 1 =i = m. It follows immediately that
for all x €Y we have

03] Ixly=Nx =1 Tx |I.

which gives the right inequality of (i).
To prove the left inequality, we note that if x €Y, then

3) x=Px+(x—P)=Px+ 3 (x,e)le — Al

i=1

By observing that (¢, —A,f) is an orthogonal sequence in / with
| e — A f; |l.=(1 — 4})"* we get from (3) that, forall xE Y,

@ Ix 3= 1Px|I>+ T 1Cx, &)1 — A7)
i=1
Further, forall x€Y:

ITx] = | Px ] + H i,i(l —A)x, e)f; “

=Va(1p i+ | § a-aees

N 12
)
§ﬁ( | Px ||+ § (1 —24)*1(x, e;~)|2)”2

fu=]
=2 x|y

The last inequality follows from (4) by observing that for 0 =1 = 1 we have
Q-AP=1-2% [ |

)
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We also need:

1.4. ProPOSITION. Let X be an n-dimensional Banach space and E C X®, 1,
a subspace. Then there is a subspace F C X, 5 so that dim F =n and a
Hilbert space H so that E is 2-isomorphic to F ®, H

PrROOF. Let P: X, ,— [, be the natural projection and put H =E N [,.
Clearly P(E) 2 H and the codimension of H in P(E) is at most n. Let Q be the
orthogonal projection of P(E) onto H and put Q, = QP,z, F = Q;'(0). Q, is
clearly a projection of E onto H and since P(F) C Q~!(0), dim P(F) = n.
Hence Fis isometric to a subspace of X @, 5. Since E = F @ H, the conclusion
follows. [ |

Our final result of this section is a combination of Propositions 1.3
and 1.4;

1.5. CoroLLARY. LetnE€Nandlet || - || be a norm on R* with || x || =
| x ||, for all x ER", and put X =R", || - ||).

If ECX®,1, is an infinite dimensional subspace then there is an n-
dimensional subspace E, of X ®, [, and an operator S of E, onto X so that

(i) E is 2-isomorphic to E, ®, ,,

@) JISx || S [ % s, S I Sx |1 for all xEE,

Proor. Since E is infinite dimensional, it follows from Proposition 1.4
that there is a subspace FC X®,/5, dimF=m =<n, so that E is 2-
isomorphic to F&,l,. By Proposition 1.3 there is an operator T: F— X
so that

(1) \/_ ITx|| = x)ls= | Tx |, forallx€EF.

Let Y be the orthogonal complement to T(F) in (X, || - ||;) and let U: l; ™ —
(Y, ]l - Il) be a unitary operator. Define E, = F@®, ;=™ Clearly E is 2-
isomorphic to E, @, /, and if we define S: E, = Xby S = T @ U, we get that if
X€E,, x=y+z,yEF, z€I[§~™, then by (1),

ISxI = NIy + 1 Uz =20y e+ 2 ]2

=V2QUp 1F +202 1D =2 x |z

It is obvious that S satisfies the other inequality in (ii). [ |

()
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2. Some local results

In this section we present the local results which are essential for our
construction. We start with the following theorem which is the key to
what follows in the sequel, and which is a slight modification of Proposition
3.2in [9].

2.1. THEOREM. There exists a constant C Z 1 so that for every q €12, o]
and every n€EN, nz?2 there is a norm | - ||,, on R", so that if Xj =
(R, | - llnq) then the following conditions are satisfied:

@) 1% I = I x 2 for all xER".

(ii) X7 is isometric to a subspace of I2".

(iii) For every TEL(R") there is a 2ER, a V;EL(R") and a subspace

E; CR* dim E; = 31n/32 so that for all g €12, «]
(@ T=Ar I+ 77,

() | Vi, 2= Cn" 2| T ||,

© A =C|| T |x,-

(iv) For every T € L(R") there is a subspace F;y CR", dim E; = 31n/32 so

that for all g €12, ©}:

| Tir || = CnVe V2T, X7).

(v) Forevery T € L(R") there is a subspace G with dim Gy = 31n/32, so that
Jfor all g €12, ]

ITel.=CNT:E~X7 .

ProoF. The existence of the norms || - ||, satisfying (i)-~(iv) can be shown
in exactly the same way as in [9], Proposition 3.2 (the replacement of 7n/8 by
31n/32 can be done by a suitable modification of Lemma 2.1 in [8]). As a by-
product of the proof of (iii) we get that the norms || - ||, also satisfy (v) (cf. the
proof of Proposition 3.1 in [8]). [ ]

We now wish to define a class of spaces which have similar properties as the
spaces X; of Theorem 2.1.

2.2. DEFINITION. Let g€J2, 0], nEN. If || - || is a norm on R" and
Y=(R",| - |) then we shall say that YESN(n,q) if } || x |, = | x| =
|| x ||, for all x ER".

2.3. DEFINITION. Let nEN, ¢€]2, ] and YESN(n, g). Put
A(n,q,Y)={ArER|TELR", | T: X; Y || =1}
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where, for each TE€L(R"), A7 is a real number satisfying the conclusions of
Theorem 2.1,

By definition it follows that if Y € SN(n, q), then

(A) I'T

|y S2|| T: X7 —Y | forall TEL(R")

and hence from Theorem 2.1 we infer that the set A(n, ¢, Y) is bounded. We
put, for every nEN, ¢ €]2, ] and YESN(n, q),

Aln,q,Y)=supA(n,q, Y).

The next proposition and its corollary describe some crucial properties of
the spaces in SN(n, q).

2.4. PROPOSITION. Let C be the constant of Theorem 2.1, let nEN, n =2
and ¢ €12, ©}. If YESN(n, q) then we have
(i) For every TEL(R") there is a v;ER, a V;EL(R"), and a subspace
E; CR" with dim E; = 7n/8 so that
@) T =v,I+V;,
() vl S2C | T |lyA(n, ¢, V)™,
© 1 Vi, 1:=6C7 || T yn"~ 2 (n, 9, V).
(ii) For every TEL(R") there is a subspace Fr C R" with dim Fy = Tn/8 so
that
I Tz, Il = 6C2n Y4~ 2T, Y)A(n, q, Y) .

(iii) For every T € L(R") there is a subspace G C R" with dim Gr = 31n/32
so that
I T, 12 =2C | T: 5T .

ProOOF. Let n€N, n=z2, g€]2, ], YESN(n,q) and TEL(R") be
given.

(iii) Follows easily from (v) of Theorem 2.1 by observing that the de-
finition of SN(n, g) implies that the subspace G; from there can be used
as Gy.

To prove (i), set Ao =A(n, ¢, Y). An easy compactness argument yields that
thereisa T,€EL(R") with || T;: X7 — Y || = 1 so that Theorem 2.1 is satisfied
with Ar, = Ag. We now define

(1) vr=Am A,

By (A) and Theorem 2.1 (iii)(c) we get
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lvr| £ 1A |Ag ' S CAgH || TT, | x:
(2) S22 | TT,: X~ Y |
S2C Ty | To: X7 =Y | S2CAH|| T |y

which proves (i), (b).
Since

(3) T()'OI + VTo) = TTO = 2’77'01 + Vno

we obtain from (1) and (3)

C)) T=vil+ 2\ (Vi,— TV).
We now define

&) Ve=2"'Vr,— TV,
(6) E;=Er, N E;,NGr.

By (A) and Theorem 2.1 we get

W Vriz 2= 46U Vergm 2+ I 7o, 12 Vaagsn, 112)
Sk T C N Tl +2C N T 5=Y | [ Tollxy)
=k 'n" RO Ty +4C I T iy
S6C% 'n" 2| T |y

M

where we have used (A) and that | T: =Y || = || T ||v.
Finally, it is immediate that dim Er = 7n/8. This concludes the proof of (i).
To prove (ii), we first observe that

®) YATTo, X7) = 2y(T, Y) forall TEL(R").
Define
) Fr=Fq,0E NGy

By isolating 4,7 from the first equality in (3), we infer that
)'0 “ TIFT "2 = " nourno "2 + " Tlar "2 " VTols,° "2
(10) < Cn'e =2y (TTy, X7) + 4C?n "~ 2 || T ||,
§ 6C2n l/q—1/2y2(T’ Y)
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and that dim F; = 7n/8.
This proves (ii). [ ]

From Theorem 2.1 and Proposition 2.4 we get

2.5. CoroLLARY. Ifn€EN, n=2, q€]2, 0] and YESN(n, q), then we

have:
(i) For all TEL(R"),

Wrp =11 S | T—=1|,+6C%(n,q,Y)"'n"=12 || T|,,
lAr =1 S | T=1 ]2+ C|T |gn™".

(ii) Forall T, T,ELR"), k(T, — T,) < n/2:
vy, — vl S6CHI Ty lly + | T2 I0)A(n, g, Y)~'ntem12,
|, = Al SCUI Tl + || T2 flag)n™e "2

ProOF. By Proposition 2.4(i), we get for every xEE7, || x [, = 1:
IT=IZ | Tx —x o= | (r — Dx + Prx |,

g 2 (v~ 1] = 6C*| T yA(n, g, ¥)~'n¥e=1

which yields the first estimate in (i).
The second one can be proved in exactly the same way by using Theorem
2.1(1i).
To prove (ii), we note that since rk(T, — T,)=n/2, Z=(T, - T,) 'O N
E;, N Eg, # {0). If x EB, we have
0= || T\x — Tox fla= || vr,x —v,x) + (Vr,x — Vr,x) |2
(2)

2 v, ~ Vol = | Vox o= | Vo x |

The first inequality in (ii) now follows from Proposition 2.4(c). The second one
follows from Theorem 2.1 in the same manner. |

3. The main results

In this section we shall construct the Banach space X with the properties
mentioned in the introduction and state our main results.
Inductively we define sequences (n,) C N and (g,) C ]2, =] so that

(B) n=gq,=4,
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©) mye_) e =2,
k-1

(D) m= Y n and nl*"ap =k,
i=1

forall k = 2.

The space X is now defined as
(E) X=< $ eax;;) .
n 2

QOur main results on X are:

3.1. THEOREM. Let Y C X @ X be a subspace, so that X® {0} C Y. Then
Y does not have a basis.

Since every Y with the properties of Theorem 3.1 is of the form X @ E fora
suitable subspace E C X, Theorem 3.1 can be reformulated to

3.2. THEOREM. For no subspace E C X does X © E have a basis.

Theorem 3.2, and hence 3.1, will follow from the following two theorems
where the first one will be proved in Section 4 and the second one in Sec-
tion 5.

3.3. THEOREM. LetE C X be a subspace. For every k EN there is a Banach
space Y €ESN(ny, q,) and a (16, n,)-Euclidean Banach space Z so that X &, E is
1152n}?,-isomorphic 10 X, ®, Y ®, Z.

3.4. THEOREM. Thereisad>0sothatifn€EN,n=2,9q€)2, o], u =1,
YESN(n, q) and Z is a (u, n)-Euclidean Banach space, then

b= b(X; @2 Y@z Z) = 5[1_1/2_”2‘1.

ProoF oF THEOREM 3.2. IfE C Xis a subspace then, by Theorems 3.3 and
3.4, we have for every kEN:

1 5
b X@ E ; 6 —_1/2 l/4—1/2qk; k
XD E) = o5 o1 4608

and hence b(X D, E) = . n
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4. Proof of Theorem 3.3
The essential step of the proof is formulated in the next proposition.

4.1. ProPosITION. Let EC X be a subspace and kEN. There exist
a YESN(n, q) and a (16, n)-Euclidean Banach space Z so that
dE®, 1, YD, 7)=288,/2n)2,.

Proor. Put

(1) Yo=(§XZ:); ( ) X,), -ENY,
i=1 2 i=k+1
We denote by P the restriction to E of the natural projection of X onto Y;;
clearly £, C P(E).
By the choice of the #;’s, dim Y, < 2n,;, and therefore the codimension of E;
in P(E) is not greater than 2n,. Hence, by Proposition 1.2 there is a projection
Q of P(E) onto E, so that

) Q1 £2-42n)"* i+ 1217

(note that T(Y)Cy(Y}) =4 and k(X)) =1).

Let Q, = QP and put E, = Q; (0). Clearly Q, is a projection of E onto E|,
and since P(E;) C Q~'(0), we get that dim P(E,) < 2n,. Hence, by [15],
Corollary 25.11:

(3 d(P(Ep)) £ 2-4-(2n,) "2 Vaen < 16.
Now (2) gives that
4 d(E, E,®, E,) = 18,/2.

From the fact that

k-1
F=E@hLCPEI® (T X2), & X @b

i=]

and dim(Zk-, 1X )2 = 2m_,, we get using (3) that there is a subspace F C
X @, 1, so that

&) d(F,,F)= max(ﬁn,i’i,, 16) < 8n}?,.

From Corollary 1.5 we infer that there is an n,-dimensional subspace
F, C X;*®, 1, and an operator S: F, — X,* satisfying (i) and (ii) there. Let
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Il - I be the norm on R* having S(By,) as its unit ball and put Y=

R, |l - i1
It follows immediately that ¥ €SN(n,, ¢,) and that

(6) d(F,, Y®, L)< d(F,, F)d(F, Y ®, ) < 16n}?,.

Let us now define Z = E, @, ,. By the choice of 1, and g, , , it follows that Z
1s (16, n,)-Euclidean (cf. again [15], Corollary 25.11).
From (4) and (6) we obtain:

(7 d(E®, L, Y ®,Z) = 288,/2n)2, |

Though we do not really need the next corollary in the proof, it may be of
some interest.

4.2. CoroLLARY. IfE C X is an infinite dimensional subspace and k €N,
then there exists a Yy ESN(ny, qi) and a (16, n,)-Euclidean Banach space Zg so
that d(E, Yy @, Zg) = cnl?, for some universal constant c.

PrOOF. By a standard gliding hump argument it follows that E contains a
subspace H with d(H, ;) < 3/2. Since X is of type 2 with T,(X) < 4/3 it follows
from [10] that there is a projection P of E onto H with || P || =4/3-3/2=2.
Hence, by the decomposition method d(E &, /,, E) =27 and the conclusion
follows from Proposition 4.1. [ ]

ProOF oF THEOREM 3.3. Let E C X be a subspace, let k €N and let ¥ and
Z be as in Proposition 4.1.

Since (2241 X;), contains a l-complemented isometric copy of / it
contains a subspace Y, so that

(1) d(( 3 X;)2 Y,®, 12> <2,/2.

j=k+1
Let Y=Y and Z=Z2@,Y,®, 1, Clearly YESN(n,, ¢,) and Z is (16, n,)-
Euclidean. Since dim(Z£2)! X,') < 2, _, it easily follows from Proposition 4.1

and (1) that

) dXS,E, XD, YD, Z)<1152n}",. |
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5. Proof of Theorem 3.4

letnEN,n=2,2<q<w,u=1,YESN(n, q)and Z a(u, n)-Euclidean
Banach space be given. We assume that X @, Y @, Z has a basis (y,) with
basis constant b.

For every m we let P,, denote the mth partial sum projection for the basis
(y,) and we write P,, in the form of a matrix with operator entries, that is

AT AG AT X]
) P,=1\451 A5 Aj{r Y
Al AR AR) Z

) At =Agm I+ Vym,

There are now two cases to consider:
(I) C*hn'2a-14 = 1/64,
(II) C*hn"™-14 < 1/64,
where C is the constant from Theorem 2.1.
If (I) holds, then clearly

1

1
3 b=— . — ple-12
) 64 C?
which is the conclusion of Theorem 3.4.
Case 1. Since P,x —x for all xEX] @B, Y D, Z, we get that A]; —~1 and
A% — I for m — oo and therefore, by Corollary 2.5(i), we get

. _ 1 1\2 63
C)] liminf|Aqm| Z1—bCn"" 221 ——. (— >—.
b \64 64
We now wish to prove the following
CLaM. There is an m, so that
%) either }=|Agol =3 or {=|vpl| =3

and
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© [Agno| = 200b2C3p)2a =14y,

PrROOF OF THE CLaM., If A(n,q, Y)<n'?-Y4 then it follows from the
definition of A(n, ¢, Y) that (6) holds for all m = 0. By (4) there is a smallest
number my = 1 so that |A,m| Z 4 and using Corollary 2.5(ii), we get

I'IA:ol = lllAl"l'o_'l + | |lA”'o— |}'A,”:°_l|

n

M

=i42ChmY " 24+ A<,

Now assume that A(n, ¢, Y) = n"?~"4 By Corollary 2.5(i) we get

(8) liminf|vm| = 1—6C%A(n,q,Y) 'n"~1221—6CHn"4~ "> 1,
(4) and (8) show that there is a smallest number m, so that

) | Aanel + 1yl 2 3.

Again Corollary 2.5(ii) shows that
1
(10) 1Al + | vyl < 34 26CnV17 12 4 12C V20~ < b+ 2 +&<i.

The choice of m, and (10) shows that (5) is satisfied.

In order to simplify the notation, we shall omit the index m, in the rest of the
proof of Theorem 3.4.

To prove that the chosen m, will also satisfy (6), we first use P? = P together
with (1) to obtain

(11) Ay = Apdy + Apdy + Apds,
which, together with (2), gives:

AU = Ay = v ) =V + A0, Vo + A4, Vi + Vi Va,
(12) + Aty Vg + Vi Vi + Vi Vi, + Ay Ay,

Note that the operators A,; and A;, represent a factorization of 4,345,
through the (u, n)-Euclidean Banach space Z and therefore

(13) YA A3, X = A 1 An e = bz/l-

If we denote the operator on the left-hand side of (12) by L and the one on
the right-hand side by R, we get from (10) that for all x €ER":

(14) I Lx N2 2 414 I x II2
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while Proposition 2.4 and Theorem 2.1 give that for all

XE€E. NEy N Vil(Ey) N Eg, NV EL) 0 Fpyy,
(which is not the zero space!), we have:
(15) | Rx | < 50C3b%un =1 | x .

Now (14) and (15) give (6) and hence conclude the proof of the claim.

Using (5) in the claim, there are now two cases to consider; in the sequel we
shall assume that } < |4, | =3, since the other case can be treated in exactly
the same way.

Again, using P? = P together with (1), we obtain

(16) Ay = ApAg + Apdy + A

which, together with (2), implies

(17) (Agy, = A = QAy, — DV, + A A1y + A2V, + Aj345,.
Since Z is (i, n)-Euclidean, we get that

(18) 1Az A43) = bu.

Denoting the operator on the left-hand side of (17) by L, and the one on the
right-hand side by R,, we get that for all x ER"

(19) ILix >z &0 x N2

while Theorem 2.1, Proposition 2.4, and (6) give that for all
XEE, NViNEL) NEgy NV NGy) N Fypa,,

(which is not equal to {0}!)

(20) | Rix |2 = 420C*b*nYe= 2y || x ||

Finally, (19) and (20) give

1
2240 C*

1) =

12— llq’u—l

which is the desired estimate.
This finishes the proof of Theorem 3.4. |
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